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Preface 

This report is part of the work within IEA HPT Annex 52 - IEA HPT Annex 52 - Long-
term performance monitoring of GSHP systems for commercial, institutional and multi-
family buildings, with project period January 1st 2018 to December 31 2021. Annex 
52 Operating Agent is Sweden. 
Annex 52 aims to survey and create a library of quality long-term measurements of 
GSHP system performance for commercial, institutional and multi-family buildings. 
While previous work will be surveyed, the emphasis of the annex is on recent and 
current measurements. The annex also aims to refine and extend current methodology 
to better characterize GSHP system performance serving commercial, institutional 
and multi-family buildings with the full range of features shown on the market, and to 
provide a set of benchmarks for comparisons of such GSHP systems around the 
world.  
The results from the annex will help building owners, designers and technicians 
evaluate, compare and optimize GSHP systems. It will also provide useful guidance 
to manufacturers of instrumentation and GSHP system components, and developers 
of tools for monitoring, controlling and fault detection/ diagnosis. This will lead to 
energy and cost savings. 
This document provides guidance on calculation of uncertainties in measured 
performance.  A separate publication (Davis, et al. 2021) from Annex 52 covers 
instrumentation.  This document focuses on the propagation of uncertainties from the 
sensors, through the analyses, to the final quantities of interest. 
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Summary 

Uncertainty analysis is an important tool to help understand the significance of results 
from any measurement program.  These guidelines are aimed at the application of 
uncertainty analysis to measurements made to monitor performance of ground-source 
heat pump systems. 
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1. Introduction  

When reporting the performance of ground-source heat pump systems, it is highly 
desirable to estimate the uncertainty of the quantities of interest, i.e. coefficients of 
performance (COP) and seasonal performance factors (SPF), for several reasons.  
These include understanding the significance of the results – e.g. are the results 
meaningful; are trends in the results meaningful?  The uncertainty analysis can also 
shed light on design and specification of instrumentation for future monitoring 
projects. 

The uncertainty analysis, which involves calculation of the propagation of 
uncertainties from the physical measurements to the final quantities of interest, 
follows the general procedures described by Taylor (1997).  Like Taylor, we use the 
words “error” and “uncertainty” interchangeably.  Other approaches for analyzing 
errors (not used here except in Appendix B) include Monte Carlo simulation 
(Janssen 2013) and bootstrapping (Efron and Tibshirani 1986, Senave et al. 2019).   

To set the context, the final quantities of interest are primarily SPFs (annual), 
monthly or daily performance factors, or performance factors over all times in a 
specific outdoor air temperature bin or entering fluid temperature bin.  So, while 
random errors exist, they are usually mitigated by a large number of measurements 
over which a specific COP value is computed.  One exception is SPF computed for 
bins with very few hours, e.g. less than 10 measured hours.  Accordingly, systematic 
errors are of more concern and random errors are, for the most part, neglected in 
this uncertainty analysis.  Appendix A covers a few cases where random errors may 
be important.  Appendix B contains some discussion of sampling error, a form of 
random error which may become important when estimating uncertainty in energy 
from discrete power or heat transfer rate measurements. 

Though the Annex 52 work is focused on calculating performance factors over long 
time periods, the same types of measurements can be used to detect a range of 
problems which can then be corrected; these measurements might typically be made 
on short intervals and used to detect control/stability problems and check the vapor 
compression cycle performance against expectations.  The theory of uncertainty 
analysis is the same for both applications. 

Chapter 2 gives an overview of uncertainty analysis and defines terminology used in 
uncertainty analysis.  Chapter 3 discusses sensor errors and the forms of typical 
specifications for sensor uncertainty.  Chapter 4 covers uncertainty analysis in 
calorimetric measurements of heat transfer rates.  Chapter 5 covers the internal 
method, which uses measurements of refrigerant pressure and temperature to 
calculate performance.  Chapter 6 covers uncertainty in calculated performance 
factors.  Chapter 7 covers a few special cases, and Chapter 8 concludes the 
guidelines.  
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2. Background 

In general, we use the term “uncertainties” and “errors” to define, for any 
experimental measurement or quantity derived from experimental measurements, 
the range within which we are confident that the true value lies.  How confident?  
Generally left unsaid is that uncertainties correspond to a statistical level of 
confidence, typically 95%.  I.e. “We are 95% confident that the true value of quantity 
x is x±Ex.” 

Uncertainties may be expressed in either relative form or absolute form.  We adopt 
the convention here that relative errors are expressed with a lower-case “e”, e.g. 
x±ex where ex is the fraction or percent of the quantity x given. 

Absolute uncertainties given in the units of the quantity in question are expressed 
with an upper-case “E”.   

It should be noted that for some quantities, e.g. temperature, it makes little sense to 
state a relative error.  Expressing temperature uncertainties as relative errors could 
only make sense if the accuracy of the measurement increases as the temperature 
decreases.  This condition is not usually met with physical instruments, though some 
temperature sensors do have an error that is partly proportional to the temperature.  
Therefore, errors in temperature should be expressed in absolute form.  Errors in 
temperature difference, though, may be meaningfully expressed in relative form.   

Another possible area of confusion is related to errors in dimensionless quantities, 
such as SPF.  Here, it is particularly helpful to have a clear delineation between 
relative and absolute errors.  For example, with an estimated SPF of 3, an absolute 
error, ESPF, of 0.1 corresponds to the true value of SPF being between 2.9 and 3.1.  
A relative error, eSPF, of 0.1 corresponds to the true value of SPF being between 2.7 
and 3.3. 

Errors may be random or systematic.  Random errors are those that can be 
corrected1 by making multiple measurements and applying statistical analysis.  E.g.: 

• Many sensors that output voltage or amperage are subject to random 
electrical fluctuations or sinusoidal electrical fluctuations with the frequency 
equivalent to the power supply frequency.  (50 Hz or 60 Hz).  These types of 
fluctuations can be corrected by making a number of measurements and 
taking the average. 

• Measurements made with pulse outputs, where the output is effectively an 
integer number of pulses for a fixed time interval.  This can lead to uncertainty 

 
1 By “corrected”, we mean reduced to the point that the error is negligible.   
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in the measurement for a single time interval.  However, this error is usually 
reduced significantly as the number of time intervals increases. 

Because measurement of GSHP system performance usually involves many, many 
measurement intervals, random errors are often negligible.  However, when 
computing COP for temperature bins that consist of only a few hours, random errors 
may become more important. 

Systematic errors are errors that cannot be corrected by making multiple 
measurements.  Improving the sensor calibration may significantly reduce the sensor 
error.  E.g. 

• Temperature sensor calibration errors.  If a temperature sensor reads high, it 
may increase or decrease every estimate of DT for the entire duration of the 
measurement program.   

• Flow meter calibration errors.  Likewise, if a flow meter reads low, this may 
affect every measurement of flow for the entire measurement program.   

• Spatial errors.  One sensor is commonly used to measure the average 
temperature of fluid flowing in a pipe.  If the conditions are such that the fluid 
temperature is non-uniform in the pipe and the non-uniform temperature 
profile persists, the error due to the sensor position may occur repeatedly.  

Propagation of errors involves analysis of the effects of sensor errors and certain 
other errors on the uncertainties in derived quantities.  When determining heat 
transfer rates calorimetrically, errors in temperature propagate to cause errors in 
temperature differences; errors in temperature difference and flow rate propagate to 
cause errors in heat transfer rates.  The propagation of errors has been a field of 
study since at least the 19th century (Airy 1861).  More recent references include 
Kline and McClintock (1953), Moffat (1988), and Taylor (1997).   

Taylor (1997) describes analysis of propagation of errors in some detail.  We will not 
attempt to describe all possible approaches to analyzing the propagation of errors.  
However, an important feature of many such analyses is specific to cases where 
errors are independent of each other and where the errors are also assumed to have 
a normal or Gaussian distribution.  In this case, errors are added in quadrature.  For 
example, if we are taking a temperature difference where the two temperatures are 
given as 𝑇! ± 𝐸"! and 𝑇# ± 𝐸"" then the uncertainty in the temperature difference: 

  ∆𝑇 = 𝑇! − 𝑇#  (2-1)  
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may be estimated as: 

 𝐸∆" = '𝐸"!
# + 𝐸""

#  (2-2) 

And the relative error in the temperature difference measurement is given by: 

 𝑒∆" =
%&#!

" '&#"
"

∆"
 (2-3) 

Or, for another example where quantities with different units are multiplied together, 
consider the calculation of heat transfer rate where the relative errors in the DT 
(𝑒∆")	and mass flow rate (𝑒(̇)	 have already been estimated.  In this case, the heat 
transfer rate is given by:  

 �̇� = �̇� ∙ 𝑐* ∙ ∆𝑇 (2-4) 

If the error in the specific heat 2𝑐*3 is negligible, the uncertainty in the heat transfer 
rate may be estimated as: 

 𝑒+̇ = '𝑒∆"# + 𝑒(̇#  (2-5) 

A consequence of the fact that many errors are propagated by adding in quadrature 
is that negligible errors are often just that – negligible.  For example, if the error in 
temperature difference were, say, 10% and the error in mass flow rate were 1%, 
equation 4 could be evaluated as: 

 𝑒+̇ = √0.1# + 0.01# = 0.100499 ≈ 0.1 (2-6) 

The 1% error in mass flow rate, when added in quadrature with the 10% error in 
temperature difference, is negligible – the overall uncertainty is about the same as 
the uncertainty in temperature difference. Hence, we can often neglect small errors.   

Not all errors in derived quantities are propagated from sensor errors.  For example, 
the accuracy of the specific heat in Equation 4 may be limited by the uncertainty in 
the antifreeze concentration.  In this case, the uncertainty of the specific heat may be 
estimated as  

 𝐸,$ = ;
-&%$
-.
< ∙ 𝐸.  (2-7) 

Where 𝐸. is the uncertainty in the antifreeze concentration, x. The partial derivative 
would be usually be evaluated numerically, by perturbing the inputs to the software 
functions that give specific heat as a function of temperature and antifreeze 
concentration.  The uncertainty in the specific heat might be further increased by the 
uncertainty in the correlation used to determine the specific heat.  The relative 
uncertainty would then be: 
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 𝑒,$ =
&%$
,$

 (2-8) 

If the uncertainty in specific heat was non-negligible, Equation 5 could be modified: 

 𝑒+̇ = '𝑒∆"# + 𝑒,$# + 𝑒(̇#  (2-9) 

We refer the reader to Taylor (1997) for a considerably more detailed treatment. As it 
is not possible in this document to cover every possible situation, the reader will be 
better served by developing a good understanding of the principles of uncertainty 
analysis, rather than relying upon this guideline as a “cookbook.” The reader may 
also find some examples of error analysis of measured performance of GSHP 
systems or similar systems in Spitler and Gehlin (2019). 

This guide is intended to be practical in nature – to help practitioners estimate the 
uncertainty of estimates in performance factors.  As discussed by Spitler and Gehlin 
(2019) prior to 2019, there were very few reported performance factors in the 
literature that were accompanied by uncertainty measurements. 

Beyond, the Taylor (1997) there is the whole field of metrology which addresses 
uncertainty analysis in an even more rigorous fashion.  It is not the purpose of this 
document to provide that level of rigor, but the interested reader may consult several 
references (FIDES cost action 299, 2009; Figliola and Beasley, 2011; Joint 
Committee for Guides in Metrology, 2012, 2008) from which the following terms and 
definitions are adapted with simplifications. 

• Accuracy – Closeness between the measurement and the actual true value.  
Uncertainty is the quantitative estimate of the measurement. 

• Trueness (bias) - Closeness between the average of an infinite number of 
repeated measurements and the true value. Since the number of repeated 
measurements is necessarily finite, trueness is only an idealized concept. 
This finiteness is also what differentiates accuracy from trueness, although it 
will oftentimes be negligible. A systematic error is a quantitative expression of 
the lack of trueness of a measurement. 

• Precision (repeatability) - Dispersion or statistical variability between 
successive measurements carried out under repeatable conditions – i.e. for 
which the true value does not change and the measurement conditions are the 
same. Random error is a synonymous concept with precision. Precision is 
usually expressed as a standard deviation or multiple of standard deviation (e.g. 
3σ). 

• Resolution - The smallest meaningful change detectable by the instrument. An 
example is a temperature sensor with a reading unit whose smallest digit is 
0.1°C. The error associated with this resolution is modeled as a rectangular 
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distribution with a standard deviation (standard uncertainty) of 0.1/√12 ≈
0.03	𝐾.. 

• Reproducibility - Dispersion or statistical variability between successive 
measurements carried out under changing conditions. Changing conditions 
include different locations, operators, measuring systems, among other things. 

• Maximum permissible error (tolerance) - Largest (extreme) value of 
measurement error permitted by norms, specifications or regulations. 

• Full-scale - The largest allowable value of the measured quantity 

• Drift - (Slow) change in the instrument indication over time due to changes in 
metrological properties. 
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3. Sensor Errors 

Selection of sensors is covered in another Annex 52 document (Davis, et al. 2021).  
In this section, we are concerned with how uncertainty is quantified for different types 
of sensors.  This section gives examples of how uncertainty is quantified. 

Temperature sensors 
Depending on the type of temperature sensor, the accuracy may be given as a fixed 
uncertainty over the range of operation, e.g. 

 𝐸" = ±0.2℃ (3-1)  

or, as a combination of a fixed uncertainty and a function of the temperature, e.g. 

 𝐸" = ±(0.1℃ + 0.0017|𝑇|) (3-2) 

Where |T| is the absolute value of the temperature in °C. 

Some temperature sensors may have uncertainty specified with another function 
such as: 

 𝐸" = ±(max	(0.5℃, 0.004|𝑇|) (3-3) 

Furthermore, the error as expressed by the above equations, may also change 
outside of the intended temperature range, e.g.  

 𝐸" = ±(0.1℃ + 0.0017|𝑇|) 150℃ > 𝑇 > −100℃ (3-4a) 

 𝐸" = ±(0.3℃ + 0.005|𝑇|) 500℃ > 𝑇 > −196℃ (3-4b) 

In any case, the uncertainty should be evaluated for the temperature being 
measured if it varies with temperature.   

Differential temperature measurements are commonly used as part of calorimetric 
heat measurements.  As discussed in Section 2 and shown in Equation 2, the 
uncertainty in a differential temperature measurement can be computed from the 
individual temperature measurement uncertainties.  
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Liquid flow meters 
Accuracy of flow meters are commonly given in several forms 

 𝑒/̇ = ±1% (3-5)  

 𝐸/̇ = ±2% of full scale (3-6)  

 𝑒/̇ = ±(min	(2 + 0.02 /̇&'(
/̇

, 5%) (3-7) 

Where �̇�01(	is a manufacturer-specified nominal flow rate in m3/h and	�̇�	is the 
measured flow rate in m3/h.  

Many types of flow meters give pulse outputs, so that the output is effectively an 
integer number of pulses for a fixed time interval.  This can lead to additional 
uncertainty in the measurement for a single time interval.   

 𝑒/̇,34 = ± !
0

 (3-8)  

Where N is the number of pulses counted in the interval. 

For a single time interval, this error would be added in quadrature with the 
manufacturer-specified uncertainties.  However, if a cumulative performance factor is 
being calculated such that the effect of many time intervals are included, this error 
may be neglected.  

Heat meters 
Heat meters measure energy delivered in the form of heat.  Internally, this will be a 
calorimetric measurement as discussed in Section 4.  However, this will be internally 
computed and output either as a heat transfer rate or heat transfer energy for a given 
time interval.   

OIML R 75-1 (OIML 2002) gives maximum permissible errors for heat meters of 
three different classes (Class 1, 2, 3).  The maximum permissible error of the 
instrument is defined for each class as follows. 

 Class	1:	𝑒+̇ = ±;0.02 + 0.04 ∆"()*	
∆"

+ 0.0001 /̇$
/̇
< (3-9)  

 Class	2:	𝑒+̇ = ±;0.03 + 0.04 ∆"()*	
∆"

+𝑚𝑎𝑥 U0.0002 /̇$
/̇
, 0.05V< (3-10)  

 Class	3:	𝑒+̇ = ±;0.04 + 0.04 ∆"()*	
∆"

+𝑚𝑎𝑥 U0.0005 /̇$
/̇
, 0.05V< (3-11)  

Where: ∆𝑇(67 is a manufacturer-specified minimum temperature difference. 

  �̇�* is a manufacturer-specified nominal flow rate. 



 

14 
 

The accuracies in measuring the heat transfer rate as described in Equations 3-9 - 3-
11 apply for laboratory conditions.  For field application, the maximum permissible 
error is twice that given by Equations 3-9 - 3-11. 

Heat meters will often have an integrating feature to give energy for specific time 
intervals.  If this is not the case, and only instantaneous heat transfer rates are being 
measured, see Section 3.8. 

Pressure measurements 
For measurements made on the refrigeration cycle (See Chapter 5), refrigerant 
pressure is measured at the compressor suction and discharge using a pressure 
transducer.  Uncertainty for a pressure transducer is most commonly expressed as a 
percentage of full scale (FS). 

Air flow measurement 
Airflows may be measured for systems that deliver heating/cooling with forced air.  
Reference measurements in laboratories are commonly made with flow nozzle 
chambers and uncertainty analysis of these measurements is fully described by 
ASHRAE (2018).  For field measurements, airflow measurement stations are 
commonly used with sensors that are either thermal dispersion arrays, or velocity-
pressure devices such as pitot arrays and Piezo rings.  For systems with flows that 
are fixed or operate with only a few flow rates, devices such as flow hoods (capture 
hoods) or pitot traverses may be used to spot-check airflow rates. 

Accuracies are usually given as a percentage of the measured flow (Equation 3-5 
above), though some sensors may also give the accuracy as a percentage of full 
flow. (Equation 3-6 above) 

An alternative approach, used by (Southard et al. 2014) was to measure airflow with 
flow hoods (capture hoods) under specific operating conditions, e.g. heat pump in 
low-stage or high-stage operation.  With knowledge of the operating condition, the 
airflow can then be estimated.  This may entail estimation of additional errors caused 
by variations in the airflow rate and system effects with the flow hood. 

ASHRAE Standard 41 (ASHRAE 2018), Table E-1 gives typical accuracies for pitot-
static tube arrays (±2%-±10%), thermal dispersion arrays (±1%-±10%), and flow 
hoods (±3%).  ASHRAE Standard 41 also discusses accuracy of air velocity 
measurement methods.  Methods for converting multiple air velocity measurements 
to airflow measurements are discussed by Klaassen and House (2001); the error 
depends highly on the uniformity of the velocity. 
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Humidity and latent heat transfer measurements 
In order to measure the latent heat transfer rate of air, it is usually2 necessary to 
measure the humidity of the air upstream and downstream of the heat exchanger or 
humidifier.  Humidity sensors used for field measurement are commonly resistive or 
capacitive and manufacturers usually give accuracy in terms of % relative humidity, 
e.g.:  

 𝐸89 = ±3%	relative humidity (3-12)  

That is, a sensor reading 50% relative humidity should correspond to an actual value 
between 47% and 53%.  (To be clear, the 3% is not 3% of the measured value.) 
Nevertheless, testing of relative humidity sensors (Joshi et al. 2005a, b, c, Mylonas et 
al. 2019) has shown that manufacturer’s ratings are overly optimistic, so a higher error 
may be safely assumed. 
Chilled mirror hygrometers may also be used to measure the dewpoint temperature, 
and accuracy is typically given in the temperature measurement, e.g.: 
 𝐸:3" = ±0.2℃ (3-13)  

In either case, the error in the measurement propagates to the estimate of the latent 
heat transfer rate. 

Electrical energy measurement 
Accuracy of electrical power meters is typically specified as percent of reading or, for 
power meters, percent of full-scale.  These correspond directly to relative, eE, or 
absolute, EElec, uncertainties in the electrical power or energy measurement.   

Power vs. Energy 
For measurement of performance factors3, we are generally interested in measuring 
energy, though this is done by measuring power or heat transfer rate and performing 
some type of integration, either inside the meter or as a post-processing step.  
Electrical energy meters and heat meters typically have an integrating feature.  
These may give pulse outputs or another type of integer reading, which leads to an 
additional uncertainty in the measurement for a single time interval.   

 𝑒&;<,,34 = ± !
0

 (3-14)  

 
2 It is also theoretically possible to measure the condensate or steam mass flow rates, 
but the authors are not aware of any published examples of this being done in the field 
for purposes of determining latent heat transfer. 
3 For troubleshooting and comparing heat pump performance to specifications, 
measurement of power, heat transfer rates and internal and external state variables 
may be used.  Shorter sampling rates, on the order of 60 seconds or less, may be 
used to check stability.   
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However, when considering in aggregate many time intervals, this uncertainty is 
negligible. 

It is also possible that electrical power or heat transfer rates are measured 
instantaneously.  In that case, the energy has to be estimated based on the power 
measurements.  A common approach is to multiply the power or rate by the time 
interval of the measurement.  Issues associated with the required frequency are 
discussed in Appendix B.   
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4. Uncertainty in calorimetric 
measurements of heat transfer rates 

Calorimetric measurements of heat transfer rate4 are made with temperature 
sensors and flow meters and are often used in situations where no phase change is 
occurring.  In that case, the heat transfer rate may be estimated as: 

 �̇� = �̇� ∙ 𝑐* ∙ ∆𝑇 (4-1) 

Where  �̇� is the heat transfer rate (W) 

  �̇� is the mass flow rate (kg/s) 

  𝑐* is the specific heat of the fluid (J/(kg∙K)) 

  ∆𝑇 is the temperature difference across the device for which the heat  
   transfer rate is being measured (K) 

The mass flow rate is usually determined by measuring the volume flow rate and 
multiplying by the density: 

 �̇� = 𝜌 ∙ 𝑄 (4-2) 

Where  𝜌 is the density of the fluid (kg/s) 

  𝑄 is the volume flow rate (m3/s) 

 

The error in the mass flow rate is given by  

 𝑒(̇ = '𝑒=# + 𝑒># (4-3) 

The error in the volume flow rate (𝑒>) is a property of the flow meter.  The error in the 
density 2𝑒=3 is more complicated to determine, though it will often be smaller than 
the error in the volume flow rate measurement.  

With a water antifreeze mixture, sources of error include: 

(a) error in the property routines 2𝑒=,383 used to estimate density, given correct 
values of temperature and concentration 

 
4 For calculation of performance factors, heat transfer rates must be converted to heat 
transfer energy over one or more time periods.  Uncertainty due to the sampling rate 
is discussed in Appendix B.  
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(b) error in the temperature  2𝑒=,"3 used as an input to the property routine 
(c) error in the concentration  2𝑒=,43 used as an input to the property routine 
(d) errors due to the fact that the antifreeze  2𝑒=,?@3used may have denaturing 

agents or other additives that change the properties 

The example in this section discusses these errors in more detail, but the errors due 
to the property routines are estimated by multiplying the relevant partial derivative by 
the estimated error in the input:  

 𝑒=," =
!
=
;-=
-"
< 𝐸" (4-4) 

 𝑒=,4 =
!
=
;-=
-4
<𝐸4 (4-5) 

The partial derivatives are most conveniently estimated by perturbing the property 
routine: 

 -=
-"
≈ ∆=

∆"
 (4-6) 

 -=
-4
≈ ∆=

∆4
 (4-7) 

The error in the density would then be given by: 

 𝑒= = '𝑒=,38# + 𝑒=,"# + 𝑒=,4# + 𝑒=,?@#  (4-8) 

The error in the specific heat is determined in the same manner as the density: 

 𝑒,$ = '𝑒,$,38
# + 𝑒,$,"

# + 𝑒,$,4
# + 𝑒,$,?@

#  (4-9) 

If the individual errors are independent of each other, the uncertainty in the heat 
transfer rate is given by: 

 𝑒+̇ = '𝑒(̇# + 𝑒,$# +𝑒∆"
#  (4-10) 

The above analysis assumes that the errors in density and specific heat are 
effectively independent of each other.  It also assumes that the error associated with 
approximating the change of enthalpy as the specific heat evaluated at the mean 
temperature multiplied by the change of temperature is negligible: 

 +̇
(̇
= ∆ℎ = ∫ 𝑐*𝑑𝑇

"'
")

≈	𝑐* ∙ ∆𝑇 (4-11) 

Given the relatively small temperature differences in heating and cooling systems, 
the effect of this approximation should be negligible. 



 

19 
 

Phase change in the working fluid complicates the analysis.  In this case, it is no 
longer possible to make the approximation shown in Equation 4-11 and the 
enthalpies at the inlet and outlet must be determined.  The heat transfer rate may be 
estimated as: 

 �̇� = �̇� ∙ ∆ℎ = �̇� ∙ (ℎ6 − ℎ1) (4-12) 

Where ∆ℎ is the enthalpy difference (J/kg) 

 ℎ6 and ℎ1 are the inlet and outlet enthalpies, respectively (J/kg)  

The error in the estimated heat transfer rate would then be given as: 

 𝑒+̇ = '𝑒(̇# + 𝑒A)
# +𝑒A'

#  (4-13) 

Calculation of the errors in the inlet and outlet would depend on the situation and it is 
difficult to generalize. 

The above analysis applies to a single instantaneous measurement.  Generally, 
multiple measurements will be made in any time period of interest, and the individual 
instantaneous measurements are assumed to apply over the interval between 
measurements.  This can lead to some sampling error in the estimation of interval 
over the time period, as discussed in Appendix B. 

For calculation of performance factors, the time period uncertainties are aggregated 
for longer time periods or bins by summing the absolute uncertainties.  E.g., to find the 
uncertainty in building heating provided for a 720-hour one-month period, with hourly 
values and uncertainties already determined: 

 𝐸+̇9,(17BA = ∑ 𝐸+̇,6C#D
6E! 	 (4-14) 

 𝑒+̇9,(17BA =
&+,̇,('*/0

∑ +̇)1"2
)3!

	 (4-15) 

Note that the relative uncertainty for the month is not found by averaging the hourly 
uncertainties.  
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Example 4.1 

As an example, consider a case where building heating is being provided with a hot 
water/antifreeze mixture, 28% by weight ethyl alcohol.  The temperature sensors 
have been calibrated to ±0.2°C.  The flow meter, placed near the exit of the heat 
pump, has an accuracy of ±5%.  At a specific hour, the flow rate is measured at 8.6 
L/s; the temperature leaving the heat pump is 46.0°C; and the return temperature is 
34.0°C. Therefore, the individual uncertainties in flow rate and temperature 
difference can be expressed: 

 𝑒> = ±0.05 (4-16) 

 𝐸∆" = √0.2# + 0.2# = ±0.28°𝐶 (4-17) 

 𝑒∆" =
&∆#
∆"

= D.#H℃
(KL℃MNK℃)

= ±0.024 (4-18) 

Density and specific heat are computed with property routines originally developed 
by Khan (2004).  By comparing to reference data (ASHRAE 2017), the property 
routines have an accuracy of 𝑒=,38 = ±0.5% for density and 𝑒,$,38 = ±3% for specific 
heat.  In order to compute the errors in density and specific heat, the values shown 
in Table 4.1 are computed with the property routines and, in turn, used to compute 
the partial derivatives shown in Table 4.2. 

Table 4.1 Density and specific heat values used to compute partial derivatives 

Concentration 
(Wt. %) 

T (°C) r (kg/m3) cp  (J/kgK) 

28 46.0 945.83 4415.0 
28 45.8 945.94 4413.3 
27 46.0 947.64 4420.4 
    

28 40.0 949.20 4365.3 
28 39.8 949.31 4363.7 
27 40.0 950.98 4372.5 

 

Table 4.2 Partial derivatives calculated from values in Table 4.1 

T(°C)     

40 -0.54 8.11 -1.67 -8.87 
46 -0.58 8.45 -1.70 -7.15 

 
The temperature sensors have an accuracy of ±0.2°C.  The concentration of ethyl 
alcohol can be determined using a digital refractometer to ±0.2%.  Assuming that this 
has been done recently, we will use 𝐸4 = 0.2%.  Then, the uncertainty in density due 
to temperature error and concentration error at the flow meter: 

𝜕𝜌
𝜕𝑇

 𝜕𝑐!
𝜕𝑇

 
𝜕𝜌
𝜕𝐶

 
𝜕𝑐!
𝜕𝐶
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 𝑒=," =
!
=
;-=
-"
< 𝐸" =

!
PKQ.HN

0.58 ∙ 0.2 = 0.000123 (4-19) 

 𝑒=,4 =
!
=
;-=
-4
<𝐸4 =

!
PKQ.HN

(−1.7)0.002 = ±0.0000036 (4-20) 

The error in density due to possible additives is difficult to guess at, but 
measurements by Ignatowicz et al. (2015) suggest that an error of ±0.5% may be 
appropriate.  Then, the error in density may be estimated from Equation 4-8 as: 

 𝑒= = √0.005# + 0.000123# + 0.0000036# + 0.005# = ±0.007 (4-21) 

The errors 𝑒=," and 𝑒=,4 are negligible: 

 𝑒= ≈ √0.005# + 0.005# = ±0.007 (4-22) 

Then, from equation 4-3, the error in mass flow is: 

 𝑒(̇ = '𝑒=# + 𝑒># = √0.007# + 0.05# = ±0.0505 ≈ ±0.05 (4-23) 

So, as it turns out, the errors 𝑒=," and 𝑒=,4 are negligible when calculating the error in 
density, which, in turn, is negligible when calculating the error in mass flow rate. 
Development of engineering judgment is quite useful in reducing the amount of 
calculations required to estimate uncertainty! 

The analysis of the error in specific heat is very similar to the analysis of error in 
density.  The results of Ignatowicz et al. (2015) suggest an uncertainty 𝑒,$,?@ = ±0.01 
is appropriate.  Again, the errors due to uncertainty in temperature and concentration 
are much smaller than the other errors: 

 𝑒,$," =
!
,$
;-,$
-"
< 𝐸" =

!
KNLQ.N

8.11 ∙ 0.2 = ±0.00037 (4-24) 

 𝑒,$,4 =
!
,$
;-,$
-4
<𝐸4 =

!
PKQ.HN

(8.87)0.002 = ±0.0000041 (4-25) 

With the property routines only being good to ±3%, the uncertainty in specific heat 
may be approximated as: 

 𝑒,$ ≈ '𝑒,$,38
# + 𝑒,$,?@

# = √0.03# + 0.01# ≈ ±0.03 (4-26) 

With the errors in mass flow rate, specific heat and temperature difference 
estimated, the uncertainty in the heat transfer rate may be calculated. 

 𝑒+̇ = '𝑒(̇# + 𝑒,$# +𝑒∆"
# = √0.05# + 0.03# + 0.024# = ±0.063 (4-27) 

So, the uncertainty in the heat transfer rate may be taken as approximately ±6%.   
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The mass flow rate may be obtained by taking the mass flow rate as the product of 
the volume flow rate and density (evaluated at the fluid temperature at the flow meter 
46°C): 

 �̇� = 𝜌 ∙ 𝑄 ± 5% = 8.13 RS
T
± 5% = 8.13 RS

T
± 0.41 RS

T
	  (4-28) 

The heat transfer rate may then be obtained by multiplying the mass flow rate by the 
specific heat (evaluated at the mean fluid temperature, 40°C) and the temperature 
difference: 

 �̇� = �̇� ∙ 𝑐* ∙ ∆𝑇 = 426	𝑘𝑊 ± 6% = 426	𝑘𝑊 ± 26	𝑘𝑊 (4-29) 

This example is rather lengthy, with many details.  Many sources of error were 
evaluated and found to be negligible. In the end, the only significant contributions to 
the error were uncertainties in the volumetric flow rate measurement, the 
temperature difference measurement, and the estimation of the specific heat.   

Can this finding be generalized?  Perhaps, to some degree.  It is common for the 
uncertainty in the volume flow rate and temperature difference measurements to 
dominate other errors in a calorimetric heat transfer analysis.  It is also not unusual 
for the temperature difference error to be significantly higher, particularly in systems 
with excessive pumping and high flow rates leading to low temperature differences. 
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5. Uncertainty in vapor compression 
cycle-based measurements of 
heating/cooling provided 

An alternative method for measuring the performance of the heat pump involves the 
use of internal measurements of the vapor compression cycle.  This method is 
sometimes referred to as the “internal method” because it relies on measurements 
internal to the cycle.  Conversely, methods described elsewhere in this document, that 
rely on measurements of secondary media (e.g. water, water/antifreeze mixtures, and 
air) may be referred to as “external methods”.  These methods, as reported in the 
literature, are generally described for making instantaneous measurements of the 
coefficient of performance, once the heat pump is at quasi-steady state.  By making 
frequent measurements, performance factors may be estimated for longer intervals.  

This chapter will describe the methodology and give an overview of the uncertainty 
analysis. Uncertainty analyses for this method have been presented in the literature 
by Brandemuehl et al. (1996), Phelan et al. (1997), and Fahlén (2005).  The interested 
reader should consult these references.  

Methodology 
The method is based on the possibility to thermodynamically determine the 
refrigeration process by assessing the specific enthalpy changes in various parts of 
the refrigerant system. (Berglöf 2005) 

Quantities that may need to be measured are: 

• Surface temperatures in the refrigerant system 
• Refrigerant high (condensing) and low (evaporating) pressure 
• Electric powers (compressors, pumps, fans, supplementary heaters) according 

to system boundary for calculation of COP.  
 

Knowing the temperature, pressure, and refrigerant at a particular location, it is 
possible to get the value of the specific enthalpy in tables or charts or to calculate the 
value by means of known correlation or by means of programs. In a simple one-stage 
refrigeration cycle, measurement of the condensing and evaporating pressures, the 
outlet and suction temperatures of the compressor and the sub-cooled liquid 
temperature after the condenser will suffice. These measurements, i.e. two pressures 
and three temperatures provide sufficient information in order to visualize the process 
(Figures 5.1 and 5.2) by means of points 1, 2, and 3 in the diagram. Assuming 
isenthalpic expansion, point 4 will also be known.  
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Figure 5.1 The refrigeration process in a diagram of specific enthalpy versus 
pressure. 

 

 

Figure 5.2 Measurement points, (number 1, 2 and 3 according to Figure 5.1) for the 
internal method (COP). 

By using thermodynamic property routines, it is possible to use the measured 
pressures and temperatures to calculate the specific enthalpies on the saturation 
curve as well as in the regions of superheated vapor and sub-cooled liquid. It is 
assumed that enthalpy in 3 and 4 are identical. When the process has been mapped 
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it is possible to calculate the diagram heating or cooling coefficient of performance, 
e.g.   

 𝐶𝑂𝑃9,U6VS =
A',%'($,5MA',%'*6,5
A',%'($,5MA),%'($,5

    (5-1) 

where ℎ1,,1(*,8 − ℎ1,,17U,8 represents the heat delivered by the refrigerant to the 
condenser and ℎ1,,1(*,8 − ℎ6,,1(*,8 represents the work supplied to the refrigerant by 
the compressor.  

Unfortunately, reality is a little more complex as not all of the compressor work will 
result in a specific enthalpy increase from point 1 to point 2 due to thermal losses to 
the surroundings.  

In a hermetic compressor, the losses �̇�;1TT,,1(* may be expressed as a fraction 
𝑓;1TT,,1(* of the motor power input 𝐸𝑃,1(*. This enables a calculation of the refrigerant 
mass flow rate �̇�8 according to 

 �̇�789: =
;<!"#$∗(?@A%"&&,!"#$)

C",!"#$,(@C),!"#$,(
= ;<!"#$∗(?@A%"&&,!"#$)

C",!"#$,(@C),!"#$,(
 [kg/s] (5-2) 

Then the heat pump heating coefficient of performance 𝐶𝑂𝑃9 is given by 

 𝐶𝑂𝑃D =
Ė*

;<!"#$
= 9̇!"#$∗(C",!"#$,(@C",!"+,,()

;<!"#$
= ;<!"#$∗F?@A%"&&,!"#$G∗(C",!"#$,(@C",!"+,,()

;<!"#$∗(C",!"#$,(@C),!"#$,()
 [-] (5-3) 

i.e.  

 𝐶𝑂𝑃H =
Ė-

;<!"#$
= 9̇(∗(C),!"+,@C",!"+,)

<.,!"#$
= <.,!"#$∗F?@A!"#$G∗(C),!"#$@C",!"+,)

<.,!"#$∗(C",!"#$@C),!"#$)
 [-] (5-4) 

 

 𝐶𝑂𝑃9 =
W!MXI'JJ,%'($Y∗(A',%'($,5MA',%'*6,5)

(A',%'($,5MA),%'($,5)
 [-] (5-5) 

For cooling the coefficient of performance  in corresponding way is given by: 

 𝐶𝑂𝑃4 =
W!MXI'JJ,%'($Y∗(A),%'($,5MA',%'*6,5)

(A',%'($,5MA),%'($,5)
 [-] (5-6) 

 

The method can either be used to directly determine the coefficient of performance, 
using a known value of the loss factor, or to study performance changes after 
calibration by means of a parallel external measurement or simply to assess relative 
changes. Compressor manufacturers also have this information available as it is a part 
of information relevant for condenser capacity and heat released to machine 
room/cabinet. Typically, compressor manufacturers use a fixed value for heat losses 
from compressors (often 5%).   

The internal method presumes that it is possible to make a reasonably good power 
balance of the compressor. This means that the method is easiest to implement in 

cCOP
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systems where the compressor motor is primarily cooled by means of the refrigerant 
flow, i.e. in systems with fully or semi hermetic compressors. It will also work well with 
open compressors if one knows the losses of motor and transmission.  

In situations where the compressor is externally cooled, e.g. by means of air, water, 
oil, liquid injection etc., it is necessary to determine the compressor cooling with 
sufficient accuracy. This is straight forward with water cooled systems where water 
flow can be measured or systems where oil flow over an oil cooler is known. It can 
also be modelled for more complex configurations, but this is not covered in this report 
as it is unusual in this type of applications. 

For smaller compressors with forced air over the compressor it is frequently possible 
to define the influence of heat loss from the shell by temporarily applying an insulation 
around compressor and identifying the influence of the forced air (this is not common 
in heat pump applications or water-cooled chillers as it is not desired to reject heat 
outside of condenser.) 

The calculation of the specific enthalpy change of the refrigerant presumes that all 
refrigerant becomes liquid in the condenser and gas in the evaporator. To ascertain 
that these prerequisites are complied with, certain minimum values of sub-cooling and 
superheat are required. As both of these values are measured, a check that the 
prerequisites are fulfilled is always available. It is also possible to obtain 
complementary information such as isentropic efficiency of compressor, condenser 
and evaporator efficiency, Carnot efficiency etc. and provide early warnings as soon 
as these values are outside of given limits. As the case with any type of method, the 
internal method presumes that the unit can operate with stable conditions during a 
sufficiently long period of time to give accurate results.  

Sources of uncertainty  
The total uncertainty of measured 𝐶𝑂𝑃9,and 𝐶𝑂𝑃4 is composed partly of methodical 
errors and partly by measurement errors. The methodical errors for the internal 
method are comprised of: 

• assumptions regarding certain compressor losses (𝑓;1TT,,1(*) 
• uncertainty in the thermo-physical refrigerant properties  
• uncertainty regarding the refrigerant vapor quality (vapor ratio) 
• uncertainty regarding the fraction of enthalpy change that is transferred to the 

heating agent 
Measurement errors (in the pressures and temperatures) are propagated and 
therefore cause errors in  𝐶𝑂𝑃9 and 𝐶𝑂𝑃4 The measurement uncertainties consist of: 

• uncertainty of sensors (calibration), 
• uncertainty due to installation conditions (straight lengths, sensor positioning, 

insulation etc.). 
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• uncertainty due to dynamic effects.  The analysis relies upon quasi-steady-state 
conditions; attempting to measure during transient conditions introduces 
additional error. 

Error propagation in the internal method  
The relationships between the final COP and the sources of error can be somewhat 
complicated.  For example, errors in the measured refrigerant properties (P,T) 
propagate to give errors in enthalpies that are determined with property routines.  
Errors in the enthalpies propagate to errors in the enthalpy differences.  Therefore, , 
propagation of errors is usually analyzed using a sensitivity analysis; that is, the 
sensitivity to the COP to an error in a particular measurement is estimated by 
calculating the partial derivative of the COP with respect to that measurement. This 
is similar to what was presented in Chapter 2 for analyzing the effects of antifreeze 
concentration.  By way of example, the error in the COP due to an error in a 
particular temperature measurement might be determined with: 

 𝐸4[3," = ;-&KLM
-"

< ∙ 𝐸"  (5-7) 

In practice, the partial derivative would usually be evaluated numerically, by 
perturbing the inputs to an analysis program that calculated the COP and which 
incorporated property routines that determined the enthalpies and the analysis which 
takes all inputs.  The error in the COP due to an error in temperature is then given 
by:  

 𝐸4[3," ≈ ;∆&KLM
∆"

< ∙ 𝐸"  (5-8) 

For the case with N error sources and the ith error source being referred to as 𝑣6, if 
the errors are independent, the final error in COP would be given by 

 𝐸4[3 ≈ '∑ 2𝐸4[3,\)3
#0

6E!   (5-9) 

However, as discussed by Phelan et al. (1997), the errors are not completely 
independent. A more nuanced approach is provided by Fahlén (2005), who derives 
an uncertainty for each enthalpy based on the fact that the enthalpy is a function of 
pressure and temperature: 

 𝐸A ≈ ';-A
-3
∙ 𝐸3<

#
+ ;-A

-"
∙ 𝐸"<

#
  (5-10) 
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Once the error in each enthalpy is determined, the error is determined with this 
expression (𝑓;1TT,,1(* is written as 𝑓 here for brevity): 

 𝑒4[3 ≈

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
h⃓
;
&N
!MX

<
#
+ i;1 − !MX

4[3
< ∙ j

&0',%'($,5

A',%'($,5MA),%'($,5
kl
#
+ j

&0',%'*6,5
A',%'($,5MA',%'*6,5

k
#

+j
&0),%'($,5

A',%'($,5MA),%'($,5
k
#

  (5-11) 

Fahlén (2005) recommends use of the GUM method (Joint Committee for Guides in 
Metrology 2010). Fahlén (2005) also states that generally achievable measurement 
uncertainties are less than ±2% for the external method and less than ±5% for the 
internal method. 

Commercial experience with this type of measurement suggests that the error in the 
heat loss fraction, 𝐸X	is on the error of ±3%.  (To be clear 𝐸X ≈ ±3%; 𝑒X is much 
larger, but it has a small effect since the quantity 1 − 𝑓 is of interest and 𝑓 is typically 
on the order of 5%.)  Based on commercial experience, recommended 
instrumentation accuracies are summarized in Table 5.1.  

Table 5.1 Recommended minimum accuracies for sensors used with internal method 

Uncertainty source Uncertainty 

PT1000 class A  ±(0.15+0.002×T) K 

Good quality pressure sensors* ±1% FS 

Typical revenue power meter ±1% of reading 

* Precision pressure sensors (±0.1%) are recommended for high accuracy applications. 

In addition to the sensor errors and model errors described above, there is also an 
additional error generated by measuring the refrigerant temperature with an external 
sensor mounted on the refrigerant tube.  This additional uncertainty is estimated to 
be ±0.5K with proper use of heat transfer paste, aluminum tape, and insulation under 
field conditions, with a resulting uncertainty in the measured temperature typically 
being ±0.7K.  Under controlled conditions, increased insulation can give significantly 
better accuracy. 
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An example with typical values for a heat pump using R134a is summarized in Table 
5.2.  The properties for this example are calculated with REFPROP (NIST 2021)  

 

Table 5.2 Error from sensors and heat loss assumption for typical R134a application. 

Measuring input Designation Error Rel.  
impact 
on COP 

Rel.  
impact on 
Capacity 

High pressure 𝑒(",$"%&,' 1% FS (35 
Bar(g) 1.3% 1.3% 

Low pressure 𝑒((,$"%&,' 1% FS (10 
Bar(g) 0.8% 0.8% 

Discharge temperature 𝐸)",$"%&,' 0.7 K 1.7% 1.7% 

Suction temperature 𝐸)(,$"%&,' 0.7 K 1.8% 1.8% 

Liquid line temperature  𝐸)",$")*,' 0.7 K 0.8% 0.8% 

Heat loss model 𝑒*+",,,$"%& 3% 3% 3% 

Power measurement  𝑒+, 1% 0% 1% 

 𝑒-.,  4.25% 4.37% 
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6. Uncertainty in Calculated Performance 
Factors 

With the uncertainties in heating/cooling provided and uncertainties in electrical 
energy determined, the uncertainties of the coefficients of performance can readily 
be determined.  As shown by Taylor (1997) if the uncertainties in the numerator and 
denominator are independent, the uncertainty of the quotient is given by: 

 𝑒+B = m𝑒7# + 𝑒U# (6-1)  

Where eqt, en, ed are the fractional uncertainties of the quotient, numerator, and 
denominator respectively.  Two examples follow below. 

Example 6.1 

Example 4.1 found the uncertainty in the instantaneous heat transfer rate 
corresponding to the heating provided in a ground-source heat pump system.  If we 
have an instantaneous electrical power measurement of the heat pump power of 
122.7 kW with a meter that has ±1% accuracy, the uncertainty in COP at boundary 1 
(heat pump only) may be determined as: 

 𝑒4[3,9! = m𝑒7# + 𝑒U# = √0.06# + 0.01# ≈ ±0.06 (6-2)  

And the COP may be determined as: 

 𝐶𝑂𝑃9! =
K#LR]±#L	R]
!##.CR]±!.#R]

= 3.47 ± 6% = 3.47 ± 0.21 (6-3)  

That is, the actual value of COP is expected to lie between 3.26 and 3.68. 

Example 6.2 

For the system used in Examples 4.1 and 6.1, the total heating provided in one year 
is 200.7 MWh ±14.9 MWh.  The error in heating provided (14.9 MWh) is obtained by 
adding together the uncertainties at each time interval.  The electricity used is 63.3 
MWh ±1%. 
The relative error of the heating provided is: 

 𝑒+̇, =
!K.P
#DD.C

= 0.074 (6-4)  

The relative error of 𝑒_3@,! is then: 

 𝑒_3@,! = √0.074# + 0.01# 	≈ ±0.074 (6-5)  
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The seasonal performance factor for the heat pump is then: 

 𝑆𝑃𝐹9! =
#DD.C
LN.N

± 7.4% = 3.17 ± 0.23 (6-6)  

The relative error, 7.4%, is multiplied by the calculated SPF to get the absolute error 
of ±0.23. 
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7. Additional topics and examples 

This chapter treats additional issues that arise, including aggregation of independent 
measurements of different quantities, aggregation of performance factors from 
multiple heat pumps.  The previous chapter illustrated propagation of error when 
calorimetrically determining heat transfer rates.  Another issue that commonly arises 
is propagation of error when aggregating multiple measurements.  

Aggregating independent measurements 
 

Electrical energy is measured for several devices – a compressor, a pump, and a fan 
-with separate meters.  These three devices are most of the components for a water-
to-air heat pump.  (Energy use by the control board and/or solenoid valves should be 
measured also.)   

Let the measured electrical energy for the three devices, for the ith period be 
represented as kWh4,6 , kWh3,6 , kWh@,6 for the compressor, pump, and fan, 
respectively.  In order to calculate the aggregated error, we must first determine the 
absolute error in the individual components: 𝐸R]AK,) , 𝐸R]AM,) , 𝐸R]AO,), respectively.  
Assuming, because we have three different meters, that the individual component 
uncertainties are independent of each other, then the uncertainty in the total 
measured electrical energy for the ith period is: 

 𝐸R]A#,) = '2𝐸R]AK,)3
# + 2𝐸R]AM,)3

# + ;𝐸R]AN,)<
#
 (7-1) 

Similarly, uncertainty in total thermal energy transferred to/from multiple heat pumps 
is calculated in similarly.  Such an approach for determining total heating or total 
cooling provided by multiple heat pumps is described by Southard et al. (2014). 

Aggregating independent performance factors 
In a system with multiple ground-source heat pumps, performance factors may be 
determined individually for each heat pump.  Performance factors may also be 
aggregated for the entire system.  But, to be clear, the performance factors are not 
directly aggregated.  Rather, the total heating and/or cooling must be determined 
along with the associated uncertainty.  The total electrical energy consumption must 
be determined, along with the associated uncertainty.  Then, Equation 6.1 can be 
used in the same way as demonstrated in Chapter 6 for a single heat pump.  As 
discussed by Southard, et al. (2014) for a system with 14 distributed heat pumps, the 
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random nature of the individual uncertainties can lead to lower uncertainties in 
aggregate. 

Estimating energy from power measurements 
It may sometimes be the case that power meters are used to sample the power 
consumption at discrete intervals.  Estimating uncertainty from power measurements 
introduces some additional uncertainty beyond that of the power meter.  It is 
preferable to use an energy meter that will internally integrate the heat transfer rates 
or power, but we sometimes have to use the instrumentation that we have, rather 
than the instrumentation we wish we had! 

Appendix B.1.2 analyzes the situation where electrical power is measured at discrete 
intervals when the equipment is thermostatically controlled in an on/off fashion.  An 
equation for error estimation is derived 

 𝑒& ≈
!

0P√a
 (7-2) 

Where 𝑁b is the ratio of the minimum cycle time to the measurement interval. 

𝑀 as the number of on-cycles during the aggregation period 

As discussed in Appendix B.1.2, this overestimates the uncertainty for a 95% 
confidence interval; only 4 of 1566 actual error values exceed the estimated error.  

Miscellaneous problems 
There are situations that arise in which an error analysis must be done, but 
necessarily require additional analysis beyond the scope of this document.  One 
examples from Spitler and Gehlin (2019), involves the lack of a temperature sensor 
to measure the incoming water supply (mains) temperature.  The incoming water 
temperature for domestic hot water heating was not measured but was needed to 
determine the amount of hot water heating provided. Measurements of the water 
supply temperature made at seven other buildings in the city were used to develop a 
heuristic expression, which, informed by the variations of the other measurements, 
estimated to have an uncertainty of ±2.5°C. 
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8. Summary 

This guide provides a practical introduction to calculation of uncertainties in 
measured performance factors for ground-source heat pump systems.  The goal is to 
help practitioners estimate the uncertainty of estimates in performance factors.  As 
discussed by Spitler and Gehlin (2019) prior to 2019, there were very few reported 
performance factors in the literature that were accompanied by uncertainty 
measurements.   

As discussed in Chapter 2, the propagation of uncertainty from sensor to derived 
quantity is based on the relatively simple approach described by Taylor (1997), 
though more specialized methods are used in the appendices. Chapter 3 describes 
typical error specifications for sensors. 

The main emphasis has been the uncertainty in calorimetric measurements of 
heating and cooling provided, as this is often where the most difficulty lies.  Chapter 
4 covers calorimetric measurements in water or airflows.  Chapter 5 covers 
uncertainties in vapor compression cycle-based measurements.  Propagation of 
these results to estimate uncertainty in performance factors is described in Chapter 
6, and Chapter 7 covers a few additional topics. 
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9. Nomenclature 

cp = specific heat, kJ/kg·K 
C = concentration in % by weight 
e = Relative error, given in fraction or percent 
ed = fractional uncertainty of the denominator 
en = fractional uncertainty of the numerator 
eqt = fractional uncertainty of the quotient 
E = Absolute error, given in units of the quantity in question 
h = enthalpy, J/kg 
hi = inlet enthalpy, J/kg 
ho = outlet enthalpy, J/kg 

Dh = enthalpy difference, J/kg 
�̇� = flow rate, m3/s 
M = number of on cycles during measurement interval (Appendix B) 
N = number counted 
𝑁b= Ratio of minimum cycle time to the measurement interval (Appendix B) 
�̇� = heat transfer rate, W  
q = heat transfer energy, kWh  
|𝑇|  = Absolute value of the temperature, °C 
T = Temperature,°C 

DT = Temperature difference, °C 

�̇�71(= Nominal volume flow rate, m3/h  

�̇�  = Volume flow rate, m3/h  
 

r = density, kg/m3 
 
Subscripts used with errors 
The following subscripts are used with absolute error and/or relative error.  
cp denotes error in specific heat 
COPH1 denotes error in the COP calculated for boundary level H1 
E denotes energy 
Elec,PC denotes error in electric energy due to error in pulse count  
hi denotes error in inlet enthalpy 
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ho denotes error in outlet enthalpy 
�̇� denotes error in mass flow rate 
�̇�9, month denotes error in building heating provided for a one-month period 
�̇� denotes error in heat transfer rate 
𝑞9̇ denotes error in heating provided 
SPFH1 denotes error in the SFP calculated for boundary level H1 
T denotes error in temperature 

DT denotes error in the temperature difference 

�̇� denotes error in volume flow rate 

�̇�,PC denotes error in volume flow rate due to error in pulse count  
x denotes error in antifreeze concentration 
r denotes error in density 

r,C denotes error in density due to error in concentration 

r,PR denotes error in density due to error in the property routines 

r,T denotes error in density due to error in the temperature 

r,AF denotes error in density due to error in the antifreeze properties 
 
Abbreviations: 

COP = Coefficient of performance 
GSHP = Ground source heat pump 
HPT = Heat Pumping Technologies 
IEA = International Energy Agency 
SPF = Seasonal performance factor 
PC = Pulse Count 
PR = Property Routines 
AF = Antifreeze 
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A. Appendix A: Random errors 

A.1 Random vs. systematic errors: different 
contributions for aggregated value calculations 

Random and systematic errors are fundamentally different in nature. Random errors 
are stochastic5 while systematic errors are deterministic. When a variable, say some 
energy 𝑞, is corrupted by random errors, 𝑉+̇, the measured value aggregated over 
time will be: 

 𝑞 = Δ𝑡w2�̇� + 𝑉+̇3
0

6E!

			, (A1) 

where the measurement interval Δ𝑡 is assumed constant for simplicity. If the random 
errors have an expected mean value of zero, then the expected value of 𝑞 will be 
Δ𝑡 ∑ �̇�6  (i.e. the “true aggregated value”). If the random errors are uncorrelated, the 
variance will be 𝑁Δ𝑡#𝜎/+̇

# , where 𝜎/+̇
#  is the variance of a single error. This means that 

the relative error decreases as the length of the aggregated period increases: 

 𝜎+
𝑞	
=

√𝑁𝜎/+̇
∑ �̇� + 𝑉+̇0
6E!

=
√𝑁Δ𝑡𝜎/+̇
𝑁�̇�y + 𝑁𝑉y"

≈
1
√𝑁

𝜎/+̇
�̇�y
			. (A2) 

Hence, for long periods (large 𝑁), the random error contribution will be negligible 
under these assumptions. Cases where random errors are not necessarily negligible 
are discussed in part A.2. 

Systematic errors are not random per se but here we must assume that there is 
some uncertainty about their value. If value of the earror is known, one could simply 
correct for it. This is what is done through calibration, for instance. Thus, systematic 
error can be modeled by a random variable but one that is not sampled over time6 

 𝑞 = Δ𝑡w2�̇� + 𝐸+̇3
0

6E!

			. (A3) 

Since the systematic error does not change over time, then the expected value of 𝑞 
will be Δ𝑡 ∑ �̇�6 + 𝑁Δ𝑡𝐸+̇. This should not come as a surprise: it means that the bias 
created by the systematic error on each single measurement will also aggregate and 

 
5 At least they appear so for the sampling frequency of interest. Random errors should have a 
frequency which is (much) higher than the sampling frequency. 
6 Systematic errors can vary over time, in which case the mean systematic error is what matters 
for the uncertainty calculation. The varying part can be treated as random error, which will 
have a negligible contribution as shown in Eq. A2. 
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build up. The variance of 𝑞 will be 𝑁#Δ𝑡#𝜎&+̇
# . This means that the relative error is 

approximately conserved 

 𝜎+
𝑞	
=

𝑁𝜎&+̇
∑ 2�̇� + 𝐸+̇30
6E!

=
𝜎&+̇

�̇�y + 𝐸+̇
			. (A4) 

A.2. Cases for which random errors may not be negligible 
If variables corrupted by random errors are elevated to some power during the 
calculations of aggregated values, it will create a bias that may not be negligible. Let 
us now take the example of some volumetric flow rate, 𝑄. Summing the square of 
each measurement will lead to: 

 𝑆# =w2𝑄 + 𝑉>3
#

0

6E!

=w2𝑄# + 2𝑄𝑉> + 𝑉>#3
0

6E!

			. (A5) 

If the random error has an expected mean value of zero and constant variance 𝜎># 
then, 

 𝔼[𝑆#] = w𝑄#
0

6E!

+ 𝑁𝜎>#			. (A6) 

Thus, the longer the aggregated period (large 𝑁), the larger the bias (𝑁𝜎>#). In relative 

terms, the bias will be cQ
"

>"dddd
≈ ;cQ

>d
<
#
. For instance, a standard deviation of about 5% of 

the mean measured value will lead to a relative bias of 0.25%. 
Similarly, computing the sum of the cube of each measurement leads to: 

 𝔼[𝑆N] = w𝑄N
0

6E!

+ 3𝜎>#w𝑄
0

6E!

			, (A7) 

for which the relative bias will be on the order of 3 ;cQ
>d
<
#
. For a standard deviation of 

about 5% of the mean measured value will lead to a relative bias of 0.75%. 
What follows are more concrete examples involving SPF calculations and for which 
the contribution from random errors also proves to decrease with the inverse square 
root of the number of measurement points involved (or the considered period). 

First, let’s assume a simpler case in which the heat rate and the compressor electric 
power consumption are given by some dedicated meters with given random errors. 
The SPF for heating may be expressed as 

 𝑆𝑃𝐹!,A =
∑ �̇�A<VB0
6E!

∑ �̇�,1(*0
6E!

 (A8) 

Using propagation of errors with partial derivatives we obtain 
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 𝐸_3@ = 𝑆𝑃𝐹}
𝑁𝜎+̇#

(∑ �̇�A<VB0
6E! )# +

𝑁𝜎&̇
#

2∑ �̇�,1(*0
6E! 3#

 (A9) 

which in turn gives 

 𝑒_3@ =
1
√𝑁

~
𝜎>̇
#

�̇�A<VByyyyyyy#
+

𝜎&̇
#

�̇�,1(*yyyyyyyy#
 (A10) 

Now, let us consider the slightly more complex case for which the heat rate is 
calculated by multiplying the flow rate by the temperature difference and the 
volumetric heat capacity of the fluid 

 𝑆𝑃𝐹!,A =
∑ 𝑄𝜌𝑐Δ𝑇0
6E!

∑ �̇�,1(*0
6E!

 (A11) 

Using propagation of errors with partial derivatives we obtain 

 𝐸_3@ =
�
∑ �

𝜎>#

𝑄# +
𝜎=#
𝜌# +

𝜎,#
𝑐# +

𝜎e"#
Δ𝑇#� (𝑄𝜌𝑐Δ𝑇)

#0
6E!

2∑ �̇�,1(*0
6E! 3#

+ 𝑆𝑃𝐹!,A#
𝜎&̇
#

𝑁�̇�,1(*yyyyyyyy#
 (A12) 

Assuming constant relative errors 

 𝑒_3@ = ~�
𝜎>#

𝑄# +
𝜎=#

𝜌# +
𝜎,#

𝑐# +
𝜎e"#

Δ𝑇#�
∑ (𝑄𝜌𝑐Δ𝑇)#0
6E!

(∑ 𝑄𝜌𝑐Δ𝑇0
6E! )# +

𝜎&̇
#

𝑁�̇�,1(*yyyyyyyy#
 (A8) 

which is bounded by 

 ~
𝜎>#

𝑄# +
𝜎=#

𝜌# +
𝜎,#

𝑐# +
𝜎e"#

Δ𝑇# +
𝜎&̇
#

𝑁�̇�,1(*yyyyyyyy#
≥ 𝑒_3@ ≥

1
√𝑁

~
𝜎>#

𝑄# +
𝜎=#

𝜌# +
𝜎,#

𝑐# +
𝜎e"#

Δ𝑇# +
𝜎&̇
#

�̇�,1(*yyyyyyyy#
 (A9) 

using the Cauchy-Schwarz inequality. Note, however, that 𝑒_3@ should be much 
closer to the lower bound. This can be seen using the reasonable assumption 
(𝑄𝜌𝑐Δ𝑇)6 ≈ 𝑄𝜌𝑐Δ𝑇yyyyyyyyy	, ∀𝑖 ≥ 1. Then 𝑒_3@ becomes equal to the lower bound. 
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B. Appendix B – Sampling 

B.1 Overview of sampling issues 
 

High frequency data collection for large numbers of variables for long periods is 
problematic in standard HVAC control systems as the storage may be a limiting factor 
and high frequency polling of data-points can saturate the processor. 

When designing a monitoring strategy, it must therefore be carefully considered how 
many data points are going to be collected, at what frequency they will be sampled 
and how long the time series is that will be stored. In an ideal situation we could easily 
store hundreds of data points, with a frequency of 30 seconds or so and keep historic 
data for many months or years. In practice, this is often not achievable with existing 
hardware.  Ongoing decreases in cost of storage and increased availability of cloud 
storage are making it more feasible to store large quantities of historic system data. 

Apart from the total storage capacity, which can usually be augmented by copying 
data to an external system (automatically), deciding what frequency is needed is 
important. The frequency of data collection should be tailored to the goal of the 
monitoring and the characteristics of the process. 

Considering the goal, long term monitoring of the temperature evolution of a ground 
source heat exchanger clearly is different from the monitoring required for tuning 
control loops on pumps and valves. Collecting data on energy use of a building, if the 
building is highly insulated and uses a low temperature and high thermal capacity 
emission system such as underfloor heating or concrete core cooling, may be done by 
collecting data on temperatures, flow rates and such every 15 minutes or so. On the 
other hand, analyzing the control and cycling of a refrigerant cycle in a heat pump may 
require data collection with a frequency of 10 – 30 seconds. 

A tentative list of processes with recommended frequency and length of monitoring 
required is summarized in Table B.1.   

  



 

43 
 

Table B.1 Processes with recommended frequency and length of monitoring 

System  frequency duration 

Borehole heat exchanger field temperature 
evolution 

10 – 30 minutes year(s) 

Borehole thermal resistance 5 – 10 minutes hours 

Energy balance open and closed loop 
systems (required by law in NL) 

5 – 30 minutes 10 years 

PID control on pumps and valves 30s – 120s one to several 
hours 

Energy monitoring building 30s – 10 minutes years 

Heat pump refrigerant cycle operation 10 – 60s hours 

 

What measurement frequency is required? Take Figure B.1 - if the X-axis represents 
time and there is a regular sinusoidal response variable with a period of 360 seconds 
(frequency 1/360 Hz= 0.0028 Hz) with different sampling frequencies (red dots), then 
sampling with a frequency of 90 seconds will lead us to believe we have a constant 
response. Using a sampling frequency of  100 (or 70) seconds gives more detail 
because it is less in phase with the response, but still misses important aspects of the 
process. With a sampling frequency of 50 seconds we get a pretty good picture 
whereas a sampling frequency of 10 seconds is probably oversaturating the sampling.   
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Figure B.1 Sampling frequencies for a sinusoidal signal 

Of course, in practice the signal will not be so well behaved (unless the electrical wave 
form is being sampled or there is a problem with oscillating controls) and there will be 
many different frequencies in a signal. The question is in general what data collection 
frequency is needed to be able to accurately reproduce a signal. 

Now first of all we have to realize that the sampling frequency is usually fixed. A 
random sampling frequency or adaptive sampling frequency could improve the 
resolution of the data, but is not common. 

The Nyquist rate is the minimum sampling rate required to be able to accurately (and 
uniquely) reproduce a signal; it is defined to be at least two times the highest bandwith 
in the signal. 

Aliasing/folding (Nyquist frequency) 

In principle aliasing is caused by undersampling. An alias is a lower frequency 
component which is indistinguishable from a higher frequency component. 
Interpolation on the obtained samples will produce the lower frequency alias and not 
the original signal. This happens if the Nyquist criterion is not satisfied. 

Suppose we sample the above sine wave every 280 seconds; the result is shown 
below (red dots). If the red dots are interpolated the result is the approximate sine 
wave depicted in red. 
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Figure B.2 Aliasing example 

If we sample at exactly 2 x the highest frequency, the result is a straight line (red 
dots figure below); actually, for the sine wave, a sampling frequency higher than the 
Nyquist rate is required (blue dots), which gives a better (but not exact) reproduction 
if the sine wave: 

 

Figure B.3 Sampling at the Nyquist rate and above 

In summary the sine wave above has a period of 360 seconds and a frequency of 
1/360 Hz (0.0028 Hz). According to the Nyquist rate the sampling frequency should 
be at least 0.0056 (180 seconds). However, for a sine wave that results in a constant 
zero response, a frequency slightly higher than the Nyquist frequency is needed. In 
practice, to get a good reproduction of the data often 5x or 10x the Nyquist frequency 
is used, for example using a sampling frequency of about 4 x the Nyquist frequency 
(40 seconds) gives an almost perfect reproduction of the sine wave: 
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Figure B.4 Sampling at 4x the Nyquist rate 

B.2 Special topics 
B.2.1  Change-of-value sampling 
Many controllers have a possibility to have change-of-value (COV) sampling in 
addition to sampling at regular intervals. With COV sampling when a value changes 
this is recorded with a timestamp. This is very useful for state changes or alarms but 
may also be used to provide adaptive sampling.  

For example, if we calculate the difference between the current value and the previous 
value of a variable and set a threshold to propagate the variable to the COV input, 
then the variable will be stored at high frequency when the response changes rapidly 
but at low frequency when not changing quickly. 

 

Figure B.5 Change-of-value sampling 
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Here a variable TT_FLOW is compared (by taking the absolute value of the difference) 
with the historic value TT_FLOW_COV. If the absolute difference is larger than 0.5K 
the output is propagated by the Numeric Select to TT_FLOW_COV which changes 
and is recorded in the history data. 

The result of this sampling can be seen in the graph below. The dynamic behaviour of 
the process is well described by the graph. The number of data points in a 12 hour 
period was 486; if a 30 second sampling had been used for the entire period, a total 
of almost 1500 points would have been required. 

 

Figure B.6 Example COV sampling 

B.2.2  Estimating energy by sampling power measurements 
This section concerns calculation of uncertainty when attempting to measure energy 
transferred or utilized while measuring heat transfer rates or electrical power at 
discrete intervals when the equipment is thermostatically controlled in an on/off 
fashion.  Energy meters will internally integrate the heat transfer rates or power; 
sampling an energy meter at discrete intervals is not the subject of this section.  In 
the case of approximating the energy transfer by measuring heat transfer rates or 
power at discrete intervals, one must assume that the rates are fixed over an 
interval, or one can use an interpolation procedure.  With either approach, the 
question of how to quantify the uncertainty arises. 

To illustrate the problem, in the summer of 2019, a residential water-to-air ground 
source heat pump (Brinkman 2019) was monitored with a system designed by a 
graduate student.  Discharge and return air temperatures were monitored at a rate of 
860 samples/second; averages were computed and reported for 10-second intervals.  
For example purposes, consider the case if the reported values were not averages, 
but only instantaneous values were reported.  We then have a data set of 476,000 
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points on 10-second intervals.  This data can be resampled for intervals of 20, 30, 
40, etc. seconds. 

The heat pump is thermostatically controlled with a single-speed compressor in an 
on-off fashion. For several reasons, the heat pump is oversized in cooling mode and 
tends to run with short on cycles, often 4-5 minutes.  Figure B.7 illustrates the 
operation over a 4-day period, showing that the frequency of on-cycles increases 
during the afternoon and evening hours.  Figure B.8 shows a 12-hour period with 
more frequent operation during the afternoon and evening hours.  Figure B.9 shows 
a 4-hour period with enough cooling load to cause the cycle time to increase 
significantly.  It can also be observed that the cooling output is not uniform but 
increases early on in the cycle. 

 

Figure B.7 Four days of operation 
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Figure B.8 12 hours of operation 

 

Figure B.9 Four hours of operation on August 19, 2019 

Beyond any systematic uncertainty due to bias error in the sensors, there must be 
some error associated with estimating the energy from discrete power 
measurements.  We’ll refer to this as the “sampling error.” Intuitively, it seems that 
decreasing the measurement interval or increasing the aggregation period should 
decrease the sampling error.  (By “aggregation period”, we mean the period over 
which we wish to know the energy transfer.  This might be hourly, but often longer-
term calculations are of more interest – daily, weekly, monthly, or annual.) 

The question, then, is how to estimate the sampling error due to the measurement 
interval and aggregation period.  The approach will involve using Monte Carlo 
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methodology to first investigate the error associated with measurement of a single 
pulse, and from that, extend the results to consider the number of pulses in the 
aggregation period in order to estimate the error.  Compact algebraic expressions 
will be developed, and then tested against the heat pump data collected in 2019. 

Monte Carlo investigation of a single pulse 

In considering how to analyze a single pulse, it became clear that some limitations 
on the analysis are needed at the outset.  These are: 

1. It is assumed that a minimum cycle time can be established for the 
equipment.  This minimum cycle time would apply to both on-cycles and off-
cycles.  The analysis for a single pulse is based on this minimum cycle time.  
For aggregation periods with longer on-cycle times, this analysis will 
overpredict the uncertainty. 

2. It is required that the measurement interval be less than the minimum cycle 
time.  This analysis cannot hope to make an estimate of the uncertainties if 
there are undetected on-cycles.  This requirement allows all transitions 
between on and off to be detected.  This number of on-cycles is needed to 
estimate the uncertainty for the aggregation period. 

3. It is assumed that cycle start times are random, relative to the measurement 
interval.  Given the many random effects on the cooling or heating load met 
by the heat pump that is thermostatically controlled, this assumption seems 
quite reasonable. 

Furthermore, define: 

𝑁b as the ratio of the minimum cycle time to the measurement interval. 

𝑀 as the number of on-cycles during the aggregation period 

Two types of pulses are utilized for the analysis, as shown in Figure B.10.  A 
rectangular pulse of duration 1 and magnitude 1 – units are irrelevant when the ratio 
𝑁b is used – is shown on the left.  The same pulse is used with different random 
delays.  The Monte Carlo analysis uses 1000 randomly generated delays, while the 
measurement interval always starts at a time of zero.  A “heat pump” pulse shown in 
Figure B.10 is also used.  For each case (a random delay followed by one of the 
pulses), the estimated energy contained by the pulse is estimated: 

 𝐸<TB = ∑ 𝑦6∆𝑡
0J
6E!  (B-

1) 

Where: 𝑁T is the number of samples taken; 𝑁T is sufficiently high completely 
sample the pulse. 

 𝑦6 is the ith measurement 

 ∆𝑡 is the time interval. 
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The ratio 𝑁b is an input to the analysis; depending on 𝑁b, the standard deviation, σ, 
of the 1000 values of 𝐸<TB is computed.  Assuming a normal distribution, the 95% 
confidence-level uncertainty is taken as ±2 σ.  7 

  

Figure B.10 Pulses - Rectangular (left) and “Heat Pump” (right) 

Figure B.11 shows the results of Monte Carlo simulations for the rectangular pulse, 
plotting 2σ as a surrogate for the uncertainty.    For this case, values of 𝑁b have been 
chosen between 2 and 7.  Intuitively, it might seem likely that the uncertainty would 
decrease as the measurement interval decreases.  However, as can be seen in 
Figure B.11, this decrease is not monotonic – when 𝑁b is an integer, the error goes 
to zero.  The error is maximum at values of 𝑁b halfway between each integer.  

 

 
7 In fact, the Monte Carlo analysis can show that the distribution of error is not normal, but 
rather bi-valued.  That is for any value of 𝑁" there are different error values, depending on 
whether the on-cycle is sampled !

0#
 times rounded up to the next integer or rounded down.  It 

seems that a resampling approach could be used to improve the analysis, but that is left for 
future work. 
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Figure B.11 2σ of the Monte Carlo simulations 

The same analysis performed on the heat pump pulse gives a very similar result to 
Figure B.11.  Taking the upper bound on the errors at values of  𝑁b = 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 + 0.5, 
the uncertainty for a single pulse of either type is plotted in Figure B.12. 

 

Figure B.12 Estimated upper bound of uncertainty (taken as 2σ) for a single pulse 

The Excel trendline feature can be used slightly different power law fits for the two 
pulse types.  But they are reasonably approximated by:  

 2𝜎 ≈ !
0P

 (B-

2) 

Most aggregation pulses will have multiple pulses, and we are interested in the total 
for the aggregation period.  It's clear that having multiple pulses in an aggregation 
period will decrease the error in calculating the total.  If all pulses were of the same 
length, so the total for M pulses per hour were M * the energy or other quantity 
represented by the pulse, we could calculate the uncertainty in the average value 
using the standard deviation of the mean.  For a 95% confidence interval, and the 
approximation of Equation B-2,  

 𝑒& ≈
!

0P√a
 (B-

3) 
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So, for 3.8 minute minimum cycle times, measurement interval of 15 seconds, and 
an hour when there are 7 on pulses, we could expect the error to be ±10.6% based 
on Nr=(3.8/0.25) = 15.2.   

Since this analysis is based on an assumption of a normal error distribution for the 
single pulse uncertainty that is not correct, we can test Equation B-3 using the 
summer 2019 data collected on 10-second intervals. Taking the 10-second interval 
as the truth standard, the error associated with estimating daily energy consumption 
for larger intervals (from 20-300 seconds, in 10 second steps from 10-100 seconds, 
and 20 second steps from 100-300 seconds) is calculated.  Equation B-3 can be 
compared to this “actual error”. 

For the measurement period, the number of cycles for each day were counted and 
plotted in Figure 13.  There are 54 days where the heat pump cycles on at least 
once. 

 

Figure B.13 Number of heat pump on-cycles each day 

Using the number of cycles for each day and a 3.8 minimum cycle time, the 
estimated error at each measurement interval (20 -300 seconds) may be computed 
with Equation 3.  To compare this to the actual error, the actual error is computed for 
each day/measurement interval combination.  The actual error is then plotted against 
the estimated error for each day/measurement interval combination in Figure B.14.  
The ±1:1 line is plotted.  For 1562 of the 1566 points, the estimated error exceeds 
the actual error, suggesting a confidence interval for Equation B-3 on the order of 
99.7% rather than 95%.  Several factors contribute to this:   

• Equation B-3 represents an estimated upper bound on uncertainty, i.e. the 
maxima shown in Figure 3.11.  This causes Equation B-3 to overpredict the 
uncertainty. 
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• The analysis is based on the minimum cycle time; longer cycle times give 
lower errors, the average cycle time is 4.85 minutes.  In practice, it’s unlikely 
that the actual cycle times will be known, so it’s not practical to adjust the 
estimate based on actual cycle times.  Again, this causes Equation B-3 to 
overpredict. 

• The assumption of a normal distribution is incorrect.  It’s not clear whether this 
causes Equation B-3 to overpredict or underpredict. 

Nevertheless, despite overpredicting the error, the analysis represents a reasonable 
near-upper-bound on the analysis.  Future work is recommended to refine this 
analysis. 

 

 

Figure B.14 Comparison of actual error to predicted uncertainty 

 

 

-50%

-40%

-30%

-20%

-10%

0%

10%

20%

30%

40%

50%

0% 10% 20% 30% 40% 50% 60% 70% 80%

Ac
tu

al
 E

rr
or

Estimated error


